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Abstract. We study the uniqueness sets, the weak interpolation 
sets, and convergence of the Lagrange interpolation series in radial 
weighted Fock spaces. 



1. Introduction and main results. 
In this paper we study the weighted Fock spaces J-^(C) 

T 2 (C) = {/ E Hol(C) : II/HJ = J \f(z)\ 2 e- 2 ^ dm{z) < oc}; 

here dm is area measure and <p is an increasing function defined on 
[0,+oo), linxj._5.00 (p(x) = oo. We assume that <p(z) = <p(\z\) is C 2 
smooth and subharmonic on C, and set 

P {z) = (A<p( Z )r 1 / 2 . 

One more condition on ip is that for every fixed C, 

p(x + Cp(x)) x p(x), < x < oo. 

(In particular, this holds if p'(x) = o(l), x — > oo.) 
Typical ip are power functions 

(p(r) = r a , a> 0. 

Then 

p(x) x x^ a/2 , x>l. 

Furthermore, if 

cp(r) = (logr) 2 , 

then 

p(x) xx, x > 1. 
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Given z, w G C, we define 
d p (z,w) 



\z — w\ 



min(p(z) , p(w)) 
We say that a subset A of C of is dp-separated if 
inf {d p (A,A*), A, A* G A} > 0. 

Definition 1. Given 7 e 1, we say that an entire function S belongs 
to the class 5 7 if 

(1) the zero set A of S is dp-separated, and 

(2) 

(i + M) 7 

For constructions of such functions in radial weighted Fock spaces 
see, for example, [1] and [2]. 

In the standard Fock spaces (y?(V) = r 2 ) the classes «S 7 were intro- 
duced by Lyubarskii in [4J. They are analogs of the sine type functions 
for the Paley-Wiener space, and their zero sets include rectangular 
lattices and their perturbations. 

Definition 2. A set A C C is called a weak interpolation set for J^(C) 
if for every A G A there exists f\ G J^(C) such that f\(\) = 1 and 
./a A . {A} (.. 

A set A C C is called a uniqueness set for J^(C) if f G ^(C) and 
f\A = imply together that f = 0. 

Theorem 3. Let S 1 G <S 7; and denote by A £/te zero set o/S 1 . Then 
(a) A is a uniqueness set if and only i/7 < 1, 
(6) A is a weak interpolation set if and only i/7 > 0. 

Denote by k 2 the reproducing kernel in the space J-" 2 (C): 

(f,k z ,)? m = f(z), f G jJ(C), 

It is known [SIEIIS] that the space ^(C) does not admit Riesz bases 
of the (normalized) reproducing kernels for regular if, ip(x) 3> (logo;) 2 . 
On the other hand, by Theorem [31 for < 7 < 1, the family {k A } Ae A 
is a complete minimal family in J-" 2 (C). Then the family {S , /[S"(A)(- — 
A)]}aga is the biorthogonal system and we associate to any / G ^(C) 
the formal (Lagrange interpolation) series 
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It is natural to ask whether this formal series converges if we modify 
the norm of the space. 

Denote by A = {\k} the zero sequence of S ordered in such a way 
that |Afc| < |Afe + i|, k > 1. Following Lyubarskii [4 J and Lyubarskii-Seip 
[5] we obtain the following result: 

Theorem 4. Let < < 1, 7 + G (1/2, 1), and let S G <S 7 . Suppose 
that 

r 1 -^ = 0(p(r)), r -> +00. (1) 
TTien for every f G J^(C) we have 

N 



lim 



k ^S'(X k )(--X k ) 
where ipp(r) = <p(r) + /31og(l + r). 

The result corresponding to — 1/2, (p(r) = r 2 , p{r) x 1 is con- 
tained in 0, Theorem 10]. On the other hand, in the case <p{r) = 
(logr) a , 1 < a < 2, r > 2, p(r) x r, the space J-jt(C) contains Riesz 
bases of (normalized) reproducing kernels [2]. Our theorem shows that 
in the case p{r) x r, when S G «S 7 , 7 G (1/2,1), the interpolation 
series converges already in J^(C). Now, it is interesting to find out 
how sharp is condition ([T]) in Theorem |H 

Theorem 5. Let < a < 2, ip(r) = r a , r > 1, p(x) x x l ~ a l 2 , x > 1. 
IfO<P< o/4, 7 G K, and 5 G <S 7 , t/ien t/iere exisfe / G J^(C) suc/i 

X /(A*) 



^£'(A fc )(--A*) 



7^0, N->oo. 

Vj9 



Thus, for the power weights <p{r) = r a , < a < 2, we need to modify 
the norm to get the convergence, and the critical value of /3 is a/4. 

The notation A < I? means that there is a constant C independent 
of the relevant variables such that A < CB. We write A x B if both 
A < B and 5 < A. 

Acknowledgements. The authors are grateful to Alexander Borichev 
for very helpful discussions and comments. 

2. Proofs. 

2.1. Proof of Theorem SI (a) If 7 > 1, then <S 7 G 7j(C) and 5|A = 
0. Hence, A is not a uniqueness set. 
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If 7 < 1, then S 1 fl X" 2 (C) = 0. Suppose that there exists g G F 2 (C) 
such that g\A = 0. Then g = FS for an entire function F, and 

\F(w)\ 2 \S(w)\ V 2 ^ dm(w) < oo. (2) 

Given ficC, denote 

Z[0]= / |FH| 2 f^\ ( S dm{w). 
J n (1 + \w\)^p 2 {w) 

By ©, 

X[C] < oo. 

Denote by D(z, r) the disc of radius r centered at z. Let 

fi £ = \jD(X,ep(X)), 

AeA 

where £ is such that the discs D(X,2ep(X)) are pairwise disjoint. We 
have 

X[C] = l[C\n 2£ ] + J2 AD{\ 2ep(X))\D(X, ep(X))} + X[D(X, ep(X))}. 
AeA 

It is clear that 

f \F(w)\ 2 
l[C\Q 2£ ]> Cl / 1 ^ dm to ■ 

On the other hand, 

F(w)| 2 dm(w) < c 2 / |F(w)| 2 rfm(w), 

D(A,ep(A)) J D{\,2ep{\))\D(X,ep(\)) 

and, hence, 

J[D(A,2ep(A))\D(A,ep(A))] > caX[£>(A,ep(A))]. 

Therefore 

|2 



ic (i + H) 27 H< °°' 



the function F is constant, and g = cS. Since 5 7 fl J^(C) = 0, we get 
a contradiction. Statement (a) is proved, 
(b) Let 7 > 0. Set 

AW = g'(A)(V-A) - £ 

It is obvious that / A G Jj(C), /a|A\{A} = and f\{X) = I. Hence A 
is a weak interpolation set. If 7 < 0, A G A, then by (a), A\{A} is a 
uniqueness set for J^(C). Therefore, A is not a weak interpolation set 
for^(Q. ' ' □ 
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2.2. Proof of Theorem [41 We follow the scheme of proof proposed 
in jU [3] and concentrate mainly on the places where the proofs differ. 
We need some auxiliary notions and lemmas. The proof of the first 
lemma is the same as in [TJ Lemma 4.1]. 

Lemma 6. For every 5 > 0, there exists C > such that for functions 
f holomorphic in D(z,5p(z)) we have 



\f(z)\ 2 e' 2 ^ < f \f(w)\ 2 e- 2 ^dm(w) 

' D(z,8p(z)) 



Definition 7. A simple closed curve 7 = {r(6)e 19 , 9 G [0,27r]} is 
called K-bounded if r is C 1 -smooth and 2n -periodic on the real line 
and \r'{9)\ <K,9eR. 



Let 7 G R, let S G «S 7 , and let A = {A^} be the zero set of S ordered 
in such a way that |Afc| < |Afe + i|, k > 1. We can construct a sequence 
of numbers Rjy — > 00 and a sequence of contours such that 

(1) T N = R N j N , where 7^ are if-bounded, with K > indepen- 
dent of N. 

(2) d p (A, Tn) > e for some e > independent of N. 

(3) {^k}± lie inside T N and {Xk}N+i ^ e outside T N . 

(4) T N c{z:R N - p(R N ) < \z\ < R N + p{R N )}- 

Indeed, for some < e < 1 the discs = D(Xk, ep(Xk)) are disjoint. 
For some 5 = 5(e) > we have 

£p{\ k ) > A5p(X N ), ||Ajfc| - |Ajv|| < Sp(X N ). 

Fix V G Cg°[-1, 1], < -0 < 1, such that ^ > 1/2 on [-1/2, 1/2]. 

Put 5 = {A; : |Afc| — |Ajv|| < |^p(Ajv)}> denote A^ = rke t9k , k G 5, 
and set 

where s/- = 1, A; < iV, s& = —1, k > N. 
Finally, set 

lN = {r(9)e w ,9e[0,2n]}. 

Lemma 8. 

Rnp(Rn) I |/(i?7vC)|V 2 ^«KI^0, N^oo. 
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Proof. Set C N = U (eiN D(R N (, p(R N Q). Since p(R N () x p(Rn), C £ 
7at, by Lemma E] we have 

^p(^) I \f(R N C)\ 2 e~ MRN<:) \dC\ 

<R N p{R N )f [— ^ / \f(w)\ 2 e- 2 ^dm(w)]\d(\ 
< / l/HlV^rfmH -> 0, iV^oo. 

□ 

Proof of Theorem 31 Let Xn{z) — 1, if z lies inside and other- 
wise. Put 

XN{z,f) = S{z)£ f ^ 

and set 



r / ^ i /" /(C) ^ 

In{zJ) = —.\ 7777V7 7\ rf C 



27TZ J Tn S{C){Z-C) 

The Cauchy formula gives us that 



N 



Hence, 

/) - /(z) = /) + (xat(^) - 

and it remains only to prove that 

\\SI N {-J)\\ Vfj ^U, N^oo. 
Let w be a Lebesgue measurable function such that 

\u(re u ) |V 2v(r) (1 + r)~ 2p rdrdt < 1, (3) 



o ./o 
and let 

J N (f,u)= / w(re i *)^(re i ')J 7V (re i *,/)e- 2¥,(r) (l + r)- 2/3 rrfrrft. 

Jo Jo 

It remains to show that 

sup | Jjv(/, w)| — ?• 0, iV — t- oo, 
where the supremum is taken over all u satisfying ([3]). 
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We have 
2mJ N (f,u) 



where 



Note that 



m i ^m e -^) {l + \ A) -w dm{z)dC 



[z) = [u(z)e-^ z \l + \z\)- p ][S(z)e-^ z \l + \z\f\. 



{z)\ 2 dm(z) < C. 



Set ij)(z) = Rn4>{Rnz). We have 

>P(z)\ 2 dm(z) < C. 



Changing the variables z = Rnw and ( = RnVi we § e t 

f(R NV ) f 



2iriJ N (f,u) = R N I I ^^(l + R N \w\)-^dm(w)dr, 

J lN S{R N r]) JcW-7] 

Consider the operators 

^ — \w\~^~' y dm(w), i/j G L 2 (C,dm(w)). 



TnW(v) 



Since 7 + /3 G (1/2, 1), by p2, Lemma 13], the operators T N are bounded 
from L 2 (C, dm{w)) into L 2 {^n) and 

sup ||T/v|| < oo. 

N 

Hence, by Lemma [8] and by the property r 1 " 213 = 0(p(r)), r — > oo, we 
get 



I(Rnv) 



T N (ip)(r))dr) 



, lN S(R N T]) 
< R 1 ^ I \f{R N v)\e~^ RNri) \T N ^){ V )\ \d V \ 

J TW 

x ||Tiv(VOIU 2 (c,dmH) 0, N oo. 
This completes the proof. □ 



'In 

<lR N p(R N )l \f(R N v)\ 2 e- 

'7jv 



1/2 
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2.3. Proof of Theorem [51 It suffices to find / G ^(C) and a se- 
quence iVfc such that (in the notations of the proof of Theorem H]) 



A* 



^LrfMl* - (4) 



We follow the method of the proof of [51 Theorem 11]. Let us write 
down the Taylor series of S: 

S(z) = Y,SnZ n . 
n>0 

Since 5 G 5 7 , we have 



/ n n 7 \ 

sJ < c exp In Inn), n > 0. 

V a ae a / 

. Given > 



a ae a 

Choose < e < § - 2/3. Given > consider 

|n-a_R a |<_R2 +e 

Then for every n we have 

- S R {z)\e~ lzla = 0{\z\- n ), \\z\-R\< p(R), R^oo. 
Next we use that for some c > independent of n, 

oo 

2n+l-2r a i ^ „ / 2n+l -2r a 



J| r _(B:)l/«| <n (l/a)-(l/2) 

Therefore, 

/■oo 

o , "'O 
|n-a_R a |<_R2 +e 

< V c\s n \ 2 [ r 2n+1 e- 2ra dr 

~ J\r- (2)V<»|<nCV«)-(i/2) 

|n-aR a |<_R2 +£ a 

< V c|s n | 2 / r 2n+1 e- 2 ^dr 



|n-a_R a |<_R2" 

<^c| S J 2 / _ r 2n+1 e- 2ra dr 

n>0 



'|r-_R|<ci_R 1_ 2 +E 



£c|s n | 2 / 

->0 J \ r ' 

[ , a+ J2\s n \ 2 r 2n+1 e- 2 ^ dr 

J\r-R\<ciR 1 -2+ £ 



/ , \S(z)\ 2 e- 2 ^ a dm(z) < c 2 R 2 - a * +e - 2 \ 

J \\z\-R \<c 1 R 1 ~2 +E 
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Fix k such that 



l-- + -- 7 <x< 1-/3-7- 



Choose a sequence N k , k > 1, such that for R k = |AjvJ we have 
Rk+i > 2R k , k > 1, and 



e^ a J2 S ^)R 

mj^k 



— K 
III 



< 



1 7+1 



|z| - i?J < p(-Rfc), > 1. 



Set 



Then / G J?(C), and 



k>l 



I 

s 



R-* + O^R" 1 -*) on 1^, k^oo. 



Hence, 

S{z) 
and finally 



/(C) 



> cRl 



^ < 



A k >cR- k *(J o ^ T ^) ^oo, fc-+oo. 
This proves 01]) and thus completes the proof of the theorem. 



□ 
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